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Abstract: Let X be a Kotz Type III elliptical random vector mIR^,k > 2, and let i„,n > 1 be positive 
constants such that lim„^oo in = oo. In this article we obtain an asymptotic expansion of the tail probability 
P{X > t„a},a g M''. As an application we derive an approximation for the conditional excess distribution. 
OO I Furthermore, we discuss the asymptotic dependence of Kotz Type III triangular arrays and provide some details 

■ on the estimation of conditional excess distributions and survivor fimction of Kotz Type III distributions. 

o ■ 
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^ ! 1 Introduction 

I Consider a Kotz Type III elliptical random vector X in IR'^, k > 2, with the stochastic representation 

; X = A^RU, (1.1) 

d , where A S M!'^^ is a non-singular matrix; the associated random radius i? > has the tail asymptotic behaviour 

P{R>u] = (l + o(l))pw^cxp(-gM''), with 5 > 0,p > 0,g > 0,iV eiR, u ^ oo. (1.2) 

, Furthermore, R is independent of the random vector U which is uniformly distributed over the unit fc— sphere 
\ oilR^ . Here = denotes the equality of distribution functions and ^ is the transpose sign. 

■ Prominent examples of the Kotz Type III elliptical random vectors are the Gaussian ones where R^ is chi- 
\^ \ squared distributed with k degrees of freedom (see e.g., Kotz ct al. (2000)) and the broader class of Kotz Type 

■ I elliptical random vectors with R^ a Gamma distributed random variable. See Kotz (1975) and Nadarajah 
• \ (2003) for the main properties of Kotz Type I elliptical random vectors. 

■ Since X with stochastic representation (|l.ip is an elliptical random vector its basic distributional properties 
QQ I are well-known; see e.g., Cambanis et al. (1981), Fang et al. (1990), or Kotz et al. (2000). 

■ The main goal of this paper is to investigate some asymptotical properties of the Kotz Type III elliptical 
^ \ random vectors. In the recent papers Hashorva (2GG6a, 2G07a,b) it is shown that such random vectors have an 

• ^ ■ asymptotic behaviour similar to that of the Gaussian random vectors. This fact is at first sight surprising since 
rS \ we do not specify the distribution of R, assuming only the asymptotic relation in (1.2). The main reason for this 
^ ■ similarity is the fact that the associated random radius R has distribution function in the Gumbel max-domain 
■ ■ ■ ' of attraction. 

Our primary interest in this paper is the tail asymptotic behaviour of X. Explicitly, if t„a, n > l,ci G IR^ 
are given thresholds \n.]R^,k > 2 such that lim„^oo in = co and a has at least one positive component, then 
lim„^oo P{X > tna} = 0. Of interest is therefore to determine the speed of the convergence to of the tail 
probability P{X > tna}- The bivariate setup is discussed in Hashorva (2007a). We extend that result to the 
multivariate setup by utilising some general results for elliptical distributions obtained in Hashorva (2007b). 
Two applications of the tail asymptotic expansion which we present here are: 

a) an approximation of the conditional excess distribution function, b) the asymptotic dependence of Kotz Type 
III elliptical triangular arrays. 

The Kotz Type distributions are encountered in various statistical applications (see Nadarajah (2003)). In the 
light of our new asymptotic results it is possible to estimate the survivor function and the conditional excess 
distribution of a Kotz Type III random vector. 

Organisation of the paper: In the next section wc present some preliminary results. The exact tail asymptotics 
is discussed in Section 3 which is then followed by two short sections devoted to approximation of the conditional 
excess distribution and the asymptotic independence of the Kotz Type HI elliptical triangular arrays. In Section 
6 we discuss briefly estimation of the survivor function and the conditional excess distribution. Proofs of all the 
results are relegated to Section 7. 
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2 Preliminaries 

We shall introduce some standard notation. Let x = (xi, . . . , Xk)^ E W& be a vector in , k > 2, and let in 
the following / be a non-empty index sets of {1, . . . ,k}. Denote by |/| the number of elements of / and set 
J := {1, . . . , fc} \ /. We define the subvector of x with respect to / by Xj := (xj, i e I)^ e M'^. If A e IR'^^'^ is 
a given matrix, then the submatrix Ajj of A is obtained by deleting both the rows and the columns of A with 
indices in J and in /, respectively. Ajj, Ajj, Ajj are similarly defined. We set S := A^ A where A is assumed 
to have a positive determinant \A\ implying that the inverse matrix of E exists. For notational simplicity 
we shall write xJ instead of (a;/)^, (Ejj)^^, respectively. Given a,x,y <ElR^ we shall define 
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y, if Xi > Hi, Vi 
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xJYjjj Xj. 

Without loss of generality we shall assume that S is a correlation matrix, i.e., all entries of the main diagonal 
of E are equal to 1. If X is an elliptical random vector in JR'^, k > 2 with stochastic representation (|l.ip in view 
of Lemma 12.1.2 in Berman (1992) we have 

X, = RUi, l<i< fc, (2.3) 

where Xi is the i-th component of X and Ui is the first component of U. If further the associated random 
radius R has the tail asymptotics (|1.2|) , then for any x gM 



P{R>u + x/{q6u^-'^)} , , 

^^^^ > exp(-.), .^oo, (2.4) 

hence R has distribution function F in the max-domain of attraction of the Gumbel distribution A{x) ~ 
exp(— exp(— a;)), a; £ M. From the extreme value theory a distribution function F with upper endpoint oo 
belongs to the max-domain of attraction of A if 

I - F{U + x/w{u)) , \ VJ m /n r^ 

hm — = exp(-a-), ^x eM, (2.5) 

ti^oo 1 — r [uj 

where w{-) is a positive scaling function (see e.g, Resnick (1987), Reiss (1989), Embrechts et al. (1997), Falk 
et al. (2004), Kotz and Nadarajah (2005) or de Haan and Ferreira (2006)). If the associated random radius 
R has tail asymptotics given by (II. 2p . then (12. 4p implies that the distribution function of R is in the Gumbel 
max-domaain of attraction with the scaling function w{-) defined by 

w{u) = (1 + o(l))gdV"\ u^oo. (2.6) 

When the associated random radius R possesses the chi-squared distribution with k degrees of freedom we 
obtain 

. (1 + o(l))exp(-uV2)u'="2 

where r(-) is the Gamma function. Hence in this case (|1.2p holds with 

P^= 2./2-ir(fc/2) ' ^^=^/2' S:^2,'^ndN:^k^2 (2.7) 

implying that standard Gaussian random vectors belong to the class of the Kotz Type III elliptical random 
vectors. Tail asymptotics of the Gaussian random vectors is discussed Dai and Mukhcrjea (2001), Hashorva 
and Hiisler (2003), and Hashorva (2003, 2005) among several other papers. 
The solution of the following quadratic programming problem: 

Q{T,,a) : minimise ||a;||^ under the linear constraint x> a, (2-8) 

with aeR''\ {-oo, 0]'' is the main ingredient for determining the tail asymptotics under consideration. 
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Proposition 2.1. Let E ^Mf^^'^^k > 2 be a positive definite correlation matrix and let a \ (— oo,0]'^ be 
a given vector. Then the quadratic programming problem Q(T,,a) has a unique solution a defined by a unique 
non-empty index set I C {1, . . . , fc} such that 

aj = aj>Oi, Y.J^aj > Oj, (2.9) 

min|la;f = minaj^S^^a; = i|a|p = ||a/|p = aJ^Z/o/ > (2.10) 

and in the case when \I\ < k we have for J := {1, . . . , c?} \ / 

aj = -ii^-')jjyH^-')jjai^^jj^Jj'aj>aj. (2.11) 
Furthermore, for any x E IR^ 

S^^a = xjY.-}ai = xjEjlaj = ^XieJj:jj^ai, (2.12) 



with Bi being the i-th unit vector inlR}^^ and eJ'Ej^ai > 0,i G /. If a ~ cl,c € (0,cxd), we have 2 < |/| < 
where \I\ denotes the number of elements of I . 

Below we will refer to the index set / as the minimal index set. Note in passing that 

||ca;|| = c||a;||, Vc> 0, xeB'', 

hence the unique solution of Q(S, ta), t > Q,a E W& coincides with the unique solution of Q(S, a) multiplied by 
t. Next, we provide a general result for elliptical random vectors which follows from Theorem 3.1 and Theorem 
3.4 in Hashorva (2007b). If t„ is a given vector inJ?'* then we write for notational simplicity tn^K instead (*„)/<- 
with K C {1, . . .,k}. 

Theorem 2.2. Let X = RU be an elliptical random vector in]R'^,k > 2 where R > has distribution 
function F with an infinite upper endpoint being independent of U that is uniformly distributed on the unit 
sphere ofW& and A is a non-singular k-dimensional square matrix such that S := A is a correlation matrix. 
Assume that the distribution function F is in the Gumbel max-domain of attraction with the positive scaling 
function w and let tn,n > 1 be positive constants converging to oo. Denote by I the minimal index set of the 
quadratic programming problem Q{'S,a),a eIR^ \ (—00,0]*^. Assume, for simplicity, that ||a/|| = 1. Iftn,n > 1 
are given vectors inlR^ such that 

lim u;(i„)(t„,/-t„a/) = Qi ElR"\ (2.13) 

n — *oo 

where m :~ \I\ and furthermore if m < k for J :~ {I, . . . , k} \ I 



lim ^/tnW{tn){tn,j/tn - J^JI^J^aj) = G [-CX3, CX))*^'-™ (2.14) 

holds, then we have 

x{tr,w{tn)y-^''+"'^^^{l-F{t,,)), n^oo, (2.15) 

where Z is a standard Gaussian random vector inlR^ with covariance matrix E, P{Zj > qj\Zi = 0/} = 1 if 
m = k, and is the i-th unit vector inlR"^. 



3 Exact Tail Asymptotics 

As shown in Theorem 12 . 21 the exact asymptotic behaviour of elliptical random vectors can be derived provided 
that the distribution function of the associated random radius R is in the Gumbel max-domain of attraction. 
As mentioned previously the associated random radius of Kotz Type III elliptical random vectors is in the 
Gumbel max-domain of attraction. This fact and the above theorem lead us to the following result: 
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Theorem 3.1. Let X he a Kotz Type III elliptical random vector inW&,k > 2 where the associated random 
radius R has the tail asymptotic given in (|1.2p . and A £ W&^'' he a non-singular matrix with S A a 

correlation matrix. Let tn,n>l he a positive sequence and let a gM'' \ (—00,0]'^ be a given vector. Denote hy 
I the minimal index set related to the quadratic programming prohlem a) and define w„ GM'^, n > 1 hy 

K), q5itjai\\y-'li, and for \I\ < k set {v^)j := ^{tr,\\ai\\)^/^-Hj. 

If I has m elements and lim„^oo tn = oo, then for any x eM'^ we have 

P{X > t„a + x/Vn} 

xP{Zj > oo(aj - Ej/E7/aj) + xj\Zi = o^jt^+sii~(k+m)/2) exp(-g||aj||*'tf,), n ^ oo, (3.16) 

where Z is a standard Gaussian random vector inW& with covariance matrix E. 

Set P{Z J > oo(aj — T.jiT,J^aj) + Xj\Z[ ~ 0/} to 1 if J is empty and substitute ahove oo • by 0. 

Remark 3.2. a) In the ahove theorem the index sets I, J do not depend on the choice of x gM'^. 

h) If S is a Kotz Type III random vector with covariance matrix X which is the identity matrix we have by the 

amalgamation property (see e.g., Fang et al. (1990)) of the spherical random vector that 

S^{h\S^\,...,h\Sk\), 

where /i, . . . ,/fe are independent random variables taking values —1, 1 with probability 1/2. The above theorem 
can he easily extended to the case of weighted Kotz Type III elliptical random vector defined via the stochastic 
representation 

X^A{Il\S^l...,It\Sk\) 

where A is a k-dimensional real square matrix and I*,i < k are independent random variables taking two values 
with -1, 1, with P{I* = 1} e (0, l],i < k. 

We present next an illustrating example. 

Example 1. Let X g F&,k > 2 be a Kotz Type III random vector with underlying covariance matrix E 
specified by 

E:=(l-p)X + pllT, pe (-l/(fc-l),l), (3.17) 

where I gIR''^'' is the identity matrix. We are interested on the asymptotic behaviour of P{X > t„l} where 
tmn> 1 are positive constants tending to infinity as n oo. Since necessarily p > —l/(k— 1) we have 

- ((i-p)xi + p(ii-))-\^^^^i>o, 

hence the quadratic programming problem Q(E,a) has the unique solution t„l with minimal index set / = 
{1, . . . , /c}. Simple calculations yield 

and 

|E| = (l-p)^-i(l + (fc-l)p)>0. 

Assume for simplicity that the parameters q, S defining the tail asymptotic of the associated random radius of 
X satisfy q6 = 1. Applying Theorem 13. II we obtain for any x gM 



P[x > t„l + iCpt„y-'x} 

a 1 ,(i)),c^^+A-+^^^-'--))/^ r(fc/2)2'-/^-Hl + (fc-l)p)'-V^ 
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X exp(-a;^l/v/A:(l + (fc - exp( - q(C7pt„)*) , n ^ oo. 

In the Gaussian case with p, q, 6 as in (|2.7p we have 

= (1 + 0(1)) l27:P^l-%'-^y^ cxp(-a;^l/Vfc(l + (fc - exp( - (Cpt„)V2) , n ^ oo. 

4 Approximation of the Conditional Excess Distribution 

In this section we consider an apphcation of our asymptotic expansion derived in the previous section. Consider 
X a Kotz Type III random vector mlR^^k > 2. In various statistical apphcations it is of some interest to 
estimate the distribution function of the excess random vector X — ta, t > 0, a € IR^ conditioning on the event 
X > ta. If /, J are partitions of {1, . . . , A:}, it is of some interest to investigate the asymptotic behaviour of the 
distribution function of X j given the partial information X j > taj, with t tending to infinity. 
Thomas and Reiss (2007) provide a detailed treatment of statistical applications related to conditional distribu- 
tions. In the context of extreme value estimation of conditional distribution relies on asymptotic results derived 
for large thresholds; in our context it means that further investigation of the quantities of interest requires that 
t tends to infinity. Explicitly, we discuss next the asymptotic properties (n oo) of two random sequences 
Vn;a, Vn:i;a, Ti > l,a G IR'^ defined via the stochastic representation 

y„;a = X - t„a|X > t„a, and y„;/;a = Xj|X/ > t„a/, tn^M. 

The asymptotic behaviour of both random sequences under consideration are closely related to the tail asymp- 
totics of the Kotz Type III elliptical random vectors. We give next our first results. 

Theorem 4.1. Under the assumptions and the notation of Theorem \3. l\ we have the convergence in distribution 

VnVn;a W , n~^00, (4.18) 

where W j has independent components with survivor function exp{— saj 'Sjj Bi / \ \aj\\) , z G /, s > 0. Furthermore 
if \I\ < k, then W i is independent of W j which has partial survivor function 

P{Wl>xl} = " ' , Va;ep,oo^ LcJ 4.19 

P{Zj>ooiaj-^jiJ:jj'ai)\Zi = Oi} 

where x* G-ZR''^' with x)^ Xl and if \ J\ > \L\ set x*j^^ :— 

As demonstrated in the main result of the previous section the asymptotic expansion of the tail probability of 
interest is determined via the unique index set / of the related quadratic programming problem. It is therefore 
easy to find norming constants 6„, n > 1 so that hn{X — bn)j given X/ > tnttj converges in distribution if 
I is the unique index set determining the solution of the quadratic programming problem Q(S],a). We arrive 
thus at the following result: 



Theorem 4.2. Under the assumptions and the notation of Theorem \3 . R if further the index set J is non-empty, 
then we have the convergence in distribution 

h^{Vn-j-^-t,,^.,i^jlai) -^Zj\Zj = Oj, n->oo, (4.20) 
with hr, := ^/g?(^„||a7||)■5/2-l,n> 1. 

In view of Proposition [TI] if for a given non-empty index set / C {1, . . . , fc} the vector aj eiRl^l is such that 

S7/a7 > 0/, 

then the vector a* e IR'' with components a*^ :— aj,aj := 'Sji'SJ^aj is the solution of the quadratic pro- 
gramming problem Q{T,,a*). Consequently the above corollary can be formulated for every vector a and a 
non-empty index set / such that the vector YiJ^ai has positive components. 

Instead of conditioning on the event X/ > f„a/ which is initially dealt with in Berman (1982, 1983), since 
X/ possess an absolutely continuous distribution function when |/| < k, we may consider conditioning on 
X/ = t„a/. This was first suggested in Hashorva (2006a). We reformulate Theorem 3.2 therein for our specific 
setup. Define therefore a sequence of random vectors Vn-i-a^i^ ^ 1 in the same probability space such that 

= Xj|X/ = tnai,n > 1. 
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Theorem 4.3. Let X , S, i„, n > 1 be as in Theorem \3.1\ If I, J is a partition of {1, ... ,k} and a £ W& is such 
that II a/ II > 0, then we have the convergence in distribution 

hn(v'^.j.^-tnT.jiT.Jj^ai^\Xi ^tnttj Zj\Zi = Oi, n oo, (4-21) 

with hn := ^/g7(^„||a/||)''/^"^7^ > 1 and Z a standard Gaussian random vector inW& with covariance matrix 
S. 

Remark 4.4. a) The random vector Zj\Zi ~ Qj is a Gaussian random vector in 1R}^^ with mean zero and 
positive definite covariance matrix 'Sjj — 'Sjj'SJj'Sij. 

b) It is remarkable that in both (|4.20p and (|4.2ip the same limiting random vector appears. In Theorem \4-.3\ the 
index sets I, J are not related to the quadratic programming problem a) which is the case in Theorem \4-.S\ 

Example 2. Let X,Cp be as in Example 1 (recall we set g(5 = 1). Since the index set J is empty we obtain 
applying Theorem 14. II 

{tnCp)'"^Vn,i -^W, n^oo, (4.22) 

where W has independent unit Exponential components. 

In the Gaussian case 6 = 2 hence we have the convergence in distribution 

tnCpVn-i ^W, n^oo. (4.23) 



5 Maxima of Triangular Arrays of Kotz Type III Random Vectors 

As the Gaussian distribution, the Kotz Type III multivariate distribution possess some interesting asymptotic 
properties with respect to the asymptotic dependence and asymptotic behaviour of sample extremes. In order 
to present those properties, we deal next with a random sequence of Kotz Type III vectors. 
Let therefore X,Xn,n > 1 be independent random vectors in J?''',fc > 2 with common distribution G such 
that X has stochastic representation (1.1). In view of (|2.3p the marginal distributions of G are identical and 
furthermore Theorem 12.3.1 in Berman (1992) implies that each marginal distribution is in the Gumbel max- 
domain of attraction with the scaling function w{u) = qSu^~^,u > 0. For any two components Xi,Xj,i ^ 
jjhj ^ k we have applying Theorem 13. II 

^. P{X^> u,Xj > u} 
lim ^- = 0. 

u^oo P{Xi > u} 

The above asymptotics implies that the sample maxima has independent components (see e.g., Reiss (1989)). 
Asymptotic independence means that the componentwise sample maxima Mn,n > 1 converges to a random 
vector with independent unit Gumbel components. Explicitly, we have 

)/an, . . . ,{Mnk - bn)/an^ ^ (Ml, . . . ,Mk), n^oo, (5.24) 

where 

an:=bl-y{qS), bn := G^\l - 1/n), n > 1, 

and Gi^ is the inverse of the marginal distribution function Gi of G. Hiisler and Reiss (1989) have shown that 
a triangular array of Gaussian random vectors can be constructed such that the limiting distribution function 
of the sample maxima is a random vector in M'^ with dependent components and max-stable multivariate 
distribution which possesses unit Gumbel marginal distribution. 

In view of Hashorva (2006b) the same asymptotic results hold in the more general case of the Kotz Type III 
distribution. Explicitly, let us consider the Kotz Type III multivariate elliptical triangular array with stochastic 
representation 

{xit---,xi'IV =AlRU, l<j<n, n>l, (5.25) 



where R > has tail asymptotic behaviour as in (|1.2p , independent of U which is uniformly distributed on the 
unit sphere, and An,n > 1 is a sequence of fc-dimensional non-singular square matrix. If S„ A^AmU > 1 
has all main diagonal entries equal 1, then the convergence in distribution in (|5.24p holds provided that 

lim(llT-E„)^ = Ce (0,cx))'=^^ (5.26) 

n^oo Ian 
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with a„, 5„, n > 1 given by 

a„ := (q-Hnny/^-^/iqS), 5„ := (q-Hnny/^ + ajN\n{q-Hnn)/6 + \np 
li qS ^ 1,5 = 2, then wc have 



71 > 1. 



a„ := (2hi?i)~i/^ 6„ (2 Inji)^/^ ^ a„ [iV hi(2 lnn)/2 + Inp 



n > 1. 



Condition (|5.26p in this ease agrees with the one imposed in Hiislcr and Rciss (1989) for the Gaussian setup. 
The bivariate distribution Q of (A^i, A^2) is given by 

G^{x, y) = exp (^-$ (^7 + cxp(-y) - $ (^7 + cxp(-a:)^ , x,y 

where $ is the standard Gaussian distribution function on J? and 7^ :— hm„^oo(l ~ fi2,n) Inn G (0, 00). 

6 Estimation of Joint Survivor and Conditional Excess Distribution 

Let X , Xi, . . . , Xn be independent random vectors in M'^ , k > 2 with common distribution function G such 
that X is a Kotz Type III random vector with stochastic representation (1.1) and matrix A such that S := A 
is a positive definite correlation matrix. In view of Lemma 12.1.2 in Berman (1992) the marginal distributions 
Gi,i < fc of G are equal. Furthermore, by Theorem 12.3.1 in Berman (1992) we obtain 

l_G,(i) = (i + o(l))i^;|/|(M0)^'^'-^^/^2('=-i)/^P{i?>t}, t^cx.. (6.27) 

In various statistical applications given the finite sample Xi, . . . , JC„,n > 1, estimation of the joint survivor 
probability and the conditional excess Tpt j '4't x 

^t-^ P{X >tl}, P{X -tl> x\X >t\}, x 

for t large enough is of certain interest. 

Let in the following '>pn;t,i^n-t,x denote two estimators of these quantities which we speciiy below. In view of 
our asymptotic results in order to estimate V't we need to estimate p,N and 5, whereas for estimating 
"ip^ we need to estimate only p,5 and S^^. We note in passing that if X is a Gaussian random vector, then 
N ~ k ~ 2 and S ~ 2. We assume for simplicity below that in our setup of Kotz Type III elliptical random 
vectors the constants p, N are known. 

Estimation of E is dealt with in several recent papers, see for instance see e.g., Schmid and Schmidt (2006), 
Schmidt and Schmieder (2007), or Sarr and Gupta (2008). Let denote an estimator of S~^. We note that 
estimation of the precision matrix E"-'^ is important, since we implicitly determine (estimate) the unique index 
set / related to the quadratic programming problem Q{T,, 1). Under a more restrictive assumption on R, for 
instance i?" is Gamma distributed with positive parameters a, 6, then for estimating the dispersion matrix S"^ 
we can utilise the recent results of Sarr and Gupta (2008). 

Estimation of q and 6 is closely related to the estimation of the scaling function w{u) — qSu^~^ , u > 0. As in 
Hashorva (2007c) we can estimate q,6 borrowing the idea of Abdous et al. (2008). 

Next, write Yi-n < • • • < Yn-^ for the associated order statistics of Xi,i,i < n and define the following Gardes- 
Girard estimator of S by 

11" 

^" TTTTT^i^'^SYn-i+l-.n-logYn^k^ + i.A, j = 1,2, 

2—1 

with 1 < fc„ < n, r„ > 0, n > 1 given constants satisfying 

lim kn = oo, lim — = 0, lim log(T„/fc„) — 1, lim ■\/fc„6(log(n/fc„)) —> \ £]R, 

n — ^oo n — ^ctt Ji n — ^oo n — ^oo 

where b is some regularly varying function with index —1 related to the asymptotics of ln(l — Gi(t)),t — > oo 
(see Gardes and Girard (2006)). The scaling coefRcient q can be estimated by (see Abdous et al. (2008)) 

" i=l (^n-i+l:7i) " 

The estimators of i^n-tii^n-t x ^'^^ be defined by plugging in g„,(5„,S^^ in (3.16) and (|4.19p . respectively. 
Based on the known asymptotic properties of these estimators it is possible to construct further confidence 
intervals for both the survivor and the conditional excess function. 
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7 Proofs 

Proof of Proposition 12.11 The claim follows from Proposition 2.1 in Hashorva and Hiisler (2003) and Propo- 
sition 2.1 in Hashorva (2005). □ 
Proof of Theorem 13.11 In view of Proposition 12.11 we have aJSj/e^ > holds for all i e /. Assume for 
simplicity that the index set / has less than k elements. Then we have frirther aj < ^jj'EJ^ai , \\aj\\ > 0. 
(|2.6[) implies that the associated random radius R has distribution function F in the Gumbel max-domain of 
attraction with the scaling function w{u) = qSu^^^,u > 0. Set 

hn ■■= tn\\ai\\ > 0, t„ := i„a + x/vn,n > 1, 



where (t>„)/ — w{hn)li and {vn)j ~ ■\/w(/i„)//i„lj. We have 

lim w{hn){tn - tna)i = Xj 

n — >oc 

and 

lim ^i— ^ Ujaj - ^ji^^}ai) = oo(a,7 - S,//S7/a/) e [-(»,0]l'^l, (7.29) 

where we interpret oo • as 0. The assumptions of Theorem 12.21 are thus fulfilled, hence we may further write 

P{X>U} = (l + o(l))exp(-a;7S7/a//||aj||)l|a/||l^l 

V{k/2)2^/^-^P{Z,j > (»(aj - Sj,S7/a,) + Xj\Zi = 0,} 



(27r)m/2|S„|i/2n,,,a7l]7/e, 
= (l + o(l))exp(-a;7l]7/a,/||a,||)(g<5)(i+l'^l/2-fe)||a,| 



'II "■n^-^Ji-^i - (.,us u+|./|/2-fc 



[qShiY+^'^l'-'PiR > h„} 



X ■ 



r(A:/2)2'^/2-ip{Zj > oo(aj - Ej/S]7/aj) + ccjIZ/ = 0/} 



-/li(l+l^l/2-fc)p{i?>/i„} 



(l+|J|/2-fe) ,1 ,1 |/| + N+<5(1+| J|/2-fc) 



= (l + o(l))exp(-a;7l]7/a,/||a,||)p(<z<5)(i+l'^l/2-'^-)l|a, 

r(fc/2)2'=/^-ip{Z./ > oo(aj - S,7/I]7/aj) + a;j|Z/ = 0/} 
(2^)l^l/2|S„|i/2n,^^a7S7/e, 
^,^.+^(l+|,7|/2-.)exp(-g/^^), n-oo, 

hence the proof follows. □ 
Proof of Theorem 14.11 Let L be a non-empty index set of {1, ... , k} and set M := {1, . . . , fc} \ L. For any 
X we may write 

P{X > tna}P{{X - tna)L > {x/Vn)L X > t„a} = P{Xl > tnUL + (x/Vn)L,XM > tnan} 

= P{X > tna + X*/Vn}, 

where x* is a vector in_ZR'"' with a;^ ■= ^l, xm '■= O^j. Assume for simplicity that |/| < k (thus J is non-empty). 
Utilising Theorem 13. ll for any x such that xl G [0,oo)I-^I we have 

lim p\iX - t„a)L > {x/vn)L X > t„a| 

P{X > tna + X*/Vn} 



lim 



P{X > tna} 



= exp(-a7^7/(^-).) "^^^^ ^ " ''■"''^'^^ ^ "^^'^^ = , 

^ ' P{Z,7>oo(aj-Ej7S7/a7)|Z/ = 0/} 

as n ^ oo, hence the proof follows. □ 
Proof of Theorem 14.21 For any non-empty index set L C J set 



K:=L\JI, w(u) -.^ q5u^-^,u> 0, /i„ :^( 1 > 0, n>l. 

tn\ai\' 



witn\\ai\\) 



1/2 
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We may write 

P{Xi > tnaj}P{hn{Xj - tnai)L Xi> tnttj} 

= P{Xl - tn{^ji^Jj^ai)L > h-^y^.Xi > t„a/} 
= P{Xk > tna*K + h-^y*j^}, yeM, 

where a*,y* are vectors in iR'^l+'^l with 

al -.^ {j:jiT.Jjaj)L, a} :=ai, and yl:=y^, y} =Oi. 

By Proposition 12.11 S TrT,J^ar > a,/, implying > ol- Further since T,J^ai has all components positive we 
have that a* is the unique solution of the quadratic programming problem Q{B~^,a*), where B :~ ^x,k- 
Applying Theorem 13.11 we obtain as n ^ oo 

P{hniXj^tnai)L> yL\Xl >tnai} = P{Z L ><X,Ol + yl\Z I = Oj} 

= P{ZL>yL\Zi = Oi}, 

hence the proof follows. □ 
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